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Abstract 
 
This paper proposes a novel approach for the formulation of elastic modulus of both normal-strength concrete (NSC) and high-strength 

concrete (HSC) using a variant of genetic programming (GP), namely linear genetic programming (LGP). LGP-based models relate the 
modulus of elasticity of NSC and HSC to the compressive strength, as similarly presented in several codes of practice. The models are 
developed based on experimental results collected from the literature. A subsequent parametric analysis is further carried out to evaluate 
the sensitivity of the elastic modulus to the compressive strength variations. The results demonstrate that the proposed formulas can pre-
dict the elastic modulus with an acceptable degree of accuracy. The LGP results are found to be more accurate than those obtained using 
the buildings codes and various solutions reported in the literature. The LGP-based formulas are quite simple and straightforward and can 
be used reliably for routine design practice. 
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1. Introduction 

The elastic modulus of concrete is a key factor in structural 
and material engineering. Designers need the elastic modulus 
for estimating immediate and time-dependant deformation, 
determining modular ratio, and evaluating the stiffness of 
buildings and members. The modulus of elasticity is also im-
portant in reinforced and pre-stressed concrete for creep and 
shrinkage evaluation, as well as in crack control, especially at 
an early age [1, 2]. The modulus of elasticity is defined in the 
region in which Hooke's law is obeyed for the material as the 
ratio of stress over strain [3]. In mechanics, Hooke's law of 
elasticity is an estimation that states that the amount of strain 
is linearly related to the stress [4]. This can be determined 
from the slope of a stress-strain curve created during tensile 
tests on a sample of concrete. As shown in Fig. 1, in a typical 
stress-strain diagram of concrete, the first part of the curve is 
nearly a straight line with some curvature at σ, which is equal 
to half of the maximum value, σu. The initial slope of the 
stress-strain curve defines the initial or tangent modulus used 
with the parabolic stress method. The slope of the chord con-
necting the origin of the coordinate system to 0.5σu determines 
the secant modulus of elasticity, which is generally used in 
straight-line stress calculation [5].  

Despite its importance, tensile strength (and elastic mod-
ulus) is not usually measured in the site for compliance pur-
poses. It is often estimated from the measured compressive 
strength based on the empirical relationships proposed by 
various codes of practice. This is mainly to avoid performing 
laborious and time-consuming direct measurements from 
load-deformation curve [6]. 

By extending developments in computational software and 
hardware, several computer-aided data-mining approaches 
have been developed. The idea is that a pattern recognition 
system learns adaptively from experience and extracts various 
discriminators, each appropriate for its purpose. Artificial 
neural networks (ANNs) and fuzzy logic (FL) are the well-
known pattern recognition methods. ANNs and FL have been 
utilized for the prediction of tangent elastic modulus of nor-
mal-strength concrete (NSC) and high-strength concrete 
(HSC) [7, 8]. Although ANNs and FL are successful in pre-
diction, their inability to explicitly produce prediction equa-
tions limits them to be used by researchers. A new alternative 
approach, which is based on the data alone to determine the 
structure and parameters of the model, is known as genetic 
programming (GP) [9, 10]. GP is a variation of genetic algo-
rithms in which computer programs are evolved to find solu-
tions to problems [10]. The main advantage of GP-based ap-
proaches is their ability to generate prediction equations, 
which can be easily manipulated in practical circumstances. 
GP and its variants have successfully been applied to civil 
engineering problems [11]. In recent years, a particular subset 
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of GP with a linear structure similar to the DNA molecule in 
biological genomes, called linear genetic programming (LGP) 
[12], has emerged. LGP is a machine-learning approach that 
evolves the programs of an imperative language or machine 
language instead of the traditional GP [9] expressions of a 
functional programming language. Based on the numerical 
experiments, the LGP approach can significantly outperform 
other similar techniques and can be utilized as an efficient 
alternative to the traditional tree-based GP (TGP) [12, 13]. 
There have been little scientific efforts directed at applying 
LGP to civil engineering tasks [14, 15]. 

In this paper, the LGP technique is utilized to find mathe-
matical relationships between the elastic modulus and the 
compressive strength of NSC and HSC. A comparative study 
between the results obtained by LGP and those obtained from 
the buildings codes [16–21], compatibility-aided models [22, 
23], FL model [7], and ANN model [8] was conducted. A 
reliable database of previously published test results [22, 24–
25] was utilized to develop the models.  

 
2. Genetic programming 

GP is a symbolic optimization technique that creates com-
puter programs for solving problems using the principle of 
Darwinian natural selection [9]. It was introduced by Koza [9] 
as an extension of the genetic algorithms. In GP, a random 
population of individuals (trees) is created to achieve high 
diversity. The symbolic optimization algorithms present the 
potential solutions by structural ordering of several symbols.  

 
2.1 Linear genetic programming 

LGP is a subset of GP that has recently emerged. Compar-
ing LGP to the traditional TGP, several main differences are 
observed. Linear genetic programs (LGPs) have graph-based 
functional structures and evolve in an imperative program-
ming language C/C ++ and machine code, rather than in ex-
pressions of a functional programming language like LISP 
(see Fig. 2). Unlike TGP, structurally non-effective codes 
coexist with effective codes in LGPs. 

Non-effective codes in genetic programs, referred to as in-

trons, represent instructions without any influence on the pro-
gram behavior. Structural introns act as a protection that re-
duces the effect of variation on the effective code. The introns 
allow variations to remain neutral in terms of fitness change 
[12]. Because of the imperative program structure in LGP, 
these non-effective instructions can be identified efficiently. 
This allows the corresponding effective instructions to be ex-
tracted from a program during runtime. Since only effective 
programs are executed, evaluation can be accelerated signifi-
cantly (see Fig. 3). 

The instructions from imperative languages are restricted to 
operations that accept a minimum number of constants or 
memory variables, called registers (r), and assign the result to 
a destination register, e.g., r0 := r1 + 1. A part of a linear ge-
netic program in C code is represented as follows [12]: 
 

void LGP (double r [5]) 
{ ... 
r [0] = r [5] + 70; 
r [5] = r [0] - 50; 
if (r [1] > 0) 
if (r [5] > 2) 
r [4] = r [2] * r [1]; 
r [2] = r [5] + r [4]; 
r [0] = sin (r [2]); 
} 

 
where register r [0] holds the final program output. LGPs can 
be converted into a functional representation by successive 
replacements of variables, starting with the last effective in-
struction [13]. Automatic Induction of Machine Code by Ge-
netic Programming (AIMGP) is a particular form of LGP. In 
AIMGP, evolved programs are stored as linear strings of na-
tive binary machine code, which are directly executed by the 
processor. The absence of an interpreter and complex memory 
handling results in a significant speedup in the AIMGP execu-
tion compared to TGP. This machine-code-based LGP ap-
proach searches for the computer program and the constants 
simultaneously.  

  
Fig. 1. Typical stress-strain diagram of concrete. 

 
           (a)                          (b) 
 
Fig. 2. Comparison of GP program structures: (a) TGP; (b) LGP ([28]).

 

 
Fig. 3. Elimination of non-effective code in LGP (Only effective pro-
grams are executed [12]). 
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The machine-code-based LGP uses the following steps to 
evolve a computer program that predicts the target output 
from a data file of inputs and outputs [12]: 
I. Initializing a population of randomly generated programs. 
II. Running a tournament. In this step, four programs are ran-

domly selected from the population. They are compared 
based on fitness; two programs are picked as the winners 
and two as the losers. 

III.  Transforming the winner programs. The two winner pro-
grams are copied and transformed probabilistically as fol-
lows: 

• Parts of the winner programs are exchanged with each 
other to create two new programs (crossover); and/or 

• Each of the tournament winners are changed at random 
to create two new programs (mutation). 

IV. Replacing the loser programs in the tournament with the 
transformed winner programs. The winners of the tourna-
ment remain unchanged. 

V. Repeating steps two through four until convergence. A 
program defines the output of the algorithm that simulates 
the behavior of the problem to an arbitrary degree of accu-
racy. 

A comprehensive description of the basic parameters used 
to direct the search for a linear genetic program can be found 
in Brameier and Banzhaf [12]. 
 

3. Development of the LGP models 

The main goal of this paper is to obtain explicit formulation 
of the tangent elastic modulus (Ec) of NSC and HSC in terms 
of compressive strength (fc) as follows: 
 

( )c cE f f=
 

 (1) 
 

Hence, one parameter was used for the LGP models as the 
input variable. Using NSC-related and HSC-related databases, 
two different LGP-based formulas for the elastic modulus of 
NSC and HSC were obtained. In order to propose a generic 
model for both NSC and HSC, another LGP model was de-
veloped based on all available test results. The various pa-

rameters involved in the LGP predictive algorithm are shown 
in Table 1. The parameter selection affects the model gener-
alization capability of LGP. They were selected based on 
some previously suggested values [14, 15] and after some trial 
runs. The parameter settings are shown in Table 1. 

For the LGP-based modeling, a computer software called 
Discipulus [29] was used, which works based on the AIMGP 
platform. The best LGP models were chosen based on the 
following multi-objective strategy: 

i.  Providing the best fitness value on the training set of data. 
ii.  Providing the best fitness value on a test set of unsee 

data. 
For this purpose, the following objective function (OBJ) 

was constructed to judge how well the model-predicted output 
agrees with the experimentally measured output. The selec-
tions of the best LGP models were deduced by the minimiza-
tion of the following objective function: 
 

2 2

. . 2 .
. .

Train Test Train Test Test

All Train All Test

No No MAE No MAEOBJ
No R No R

⎛ ⎞− ⎟⎜ ⎟= +⎜ ⎟⎜ ⎟⎜⎝ ⎠  
 (2) 

 
where No.Train, No.Test, and No.All are the number of training, 
testing, and whole of data, respectively; R and MAE are the 
correlation coefficient and mean absolute error, respectively.  

It is well known that the R value alone is not a good predic-
tion accuracy indicator of a model. This is because by shifting 
the output values of a model equally, the R value will not 
change. The constructed objective function takes into account 
the changes of R and MAE together. Higher R values and 
lower MAE values result in lower OBJ, and consequently, 
indicate a more precise model. In addition, the above function 
considers the effects of different data divisions for training and 
testing data. 

An experimental database, including previously published 
test results [22, 24-27], was utilized to develop the LGP-based 

Table 1. Parameter settings for the LGP algorithm. 
 

Parameter Settings 

Population size 100–1,000 
Maximum program size 64 

Initial program size 40 
Crossover rate 0.5, 0.95 

Homologous crossover  0.95 
Mutation rate  0.9 

Block mutation rate 0.3 
Instruction mutation rate 0.4 

Data mutation rate  0.4 
Function set +, -, ×, /, √ 

Number of demes 20 

  
Fig. 4. The histograms of: (a) compressive strength and (b) elastic 
modulus for all data. 
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models. The database contains test results of 89 elastic mod-
ulus of HSC and 70 elastic modulus of NSC. To visualize the 
samples distribution, all of the data are presented by frequency 
histograms (Fig. 4(a) and (b)). The ranges of samples used in 
this study are given in Table 2.  

For the analysis, the data sets were divided into training and 
testing subsets. Of the 89 data sets for HSC, 69 values were 
taken for the training of the LGP algorithm and the remaining 
20 values were used for the testing of the generalization capa-
bility of the models. For NSC, 57 values were taken for train-
ing and the remaining 13 values were used for the testing of 
the models. Of the total 159 data sets for HSC and NSC, 126 
values were taken for the training of the LGP algorithm and 
the remaining 33 values were used for the testing of the pro-
posed generic model of HSC and NSC. 

  
3.1 Explicit formula for the elastic modulus of HSC 

The formulation of the Ec of HSC in terms of fc, for the best 
results by the LGP algorithm, is given below: 
 

, 2 2 360c LGP cE f= +
 

 (3) 
 
In the above equation, Ec and fc are within GPa and MPa, re-
spectively. A comparison between the LGP-predicted and the 
experimental Ec of HSC is shown in Fig. 5. The proposed 
model for the Ec of HSC yields a low OBJ value that is equal 
to 8.6712.  

 
3.2 Explicit formula for the elastic modulus of NSC 

The formulation of the Ec of NSC in terms of fc, for the best 
results by the LGP algorithm, is given below: 
 

, 2 2 8c LGP c c cE f f f= −
 

 (4) 

In the above equation, Ec and fc are within GPa and MPa, 
respectively. A comparison between the LGP-predicted and 
the experimental Ec of HSC and NSC is shown in Fig. 6. The 
proposed model for the Ec of NSC yields an OBJ value of 
7.4887.  
 
3.3 Explicit formula for the elastic modulus of HSC and 

NSC 

The formulation of the Ec of HSC and NSC in terms of fc, 
for the best results by the LGP algorithm, is given below: 
 

, 4 3 9c LGP cE f= − +
 

 (5) 
 

In the above equation, Ec and fc are within GPa and MPa, 
respectively. A comparison between the LGP-predicted and 
the experimental Ec of HSC and NSC is shown in Fig. 7. The 
proposed model for the Ec of HSC and NSC yields a low OBJ 
value that is equal to 2.5265.  
 

4. Discussion  

As described above, three formulas for the prediction of the 
Ec of HSC and NSC were obtained through LGP. Perform-
ance comparisons of the LGP models – Iranian (NBS 2006) 
[16], American (ACI 318-95) [17], British (BS 8110) [18], 
Canadian (CSA A23.3) [19], Norwegian (NS 3473) [20], and 
Turkish (TS 500) [21] codes – two compatibility-aided models 
[22, 23], FL model [7], and ANN model [8] for HSC and NSC 
are presented in Tables 3 and 4. Considering the result of the 
prediction of the Ec of HSC, it can be seen from Table 3 that 
the best performance is obtained by the ANN model. With the 
exception of the ANN and FL models, the proposed LGP 
model has better performance than the other models in the 
prediction of the Ec of HSC. In spite of the better performance 
of the ANN and FL-based models, they still have some fun-

Table 2. The variables used in the model development. 
 

 Range Mean S.D.b 
HSC    

fc (MPa) 46.4 - 125.6 84.75 13.60 
Ec (GPa) 35.2 - 53.2 45.60 2.72 

NSC    
fc (MPa) 14 - 47.7 27.17 6.23 
Ec (GPa) 15.6 - 36.8 27.77 4.13 

aS.D.: Standard deviation 
 

 
 
Fig. 5. Predicted versus experimental Ec of HSC using the LGP model. 

 
 
Fig. 6. Predicted versus experimental Ec of NSC using the LGP model.
 

 
 
Fig. 7. Predicted versus experimental Ec of HSC and NSC using the 
LGP model. 
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damental disadvantages. Contrary to the LGP models, the 
ANN and FL models do not give a definite function of calcu-
lating the outcome using the input values. Hence, they do not 
provide a better understanding of the nature of the derived 
relationship between the different interrelated input and output 
data. ANN has only final synaptic weights to obtain outcome 
in a parallel manner. The determination of the fuzzy rules in 
FL is also a difficult task. The ANN and FL approaches are 
appropriate to be used as parts of a computer program and are 
not suitable for practical calculations. It can be seen from Ta-
ble 4 that the LGP model provides superior performance com-
pared with the other models in the prediction of the Ec of NSC.  

In addition, the proposed LGP model for both NSC and 
HSC (Eq. (5)) yields the best (lowest) OBJ value. The supe-
rior performance of the generic model implies the rationale of 
developing comprehensive models for the Ec of both NSC and 
HSC, rather than separate models for each of them. 
 

5. Parametric analysis 

For further verification of the LGP models, a parametric 
analysis was performed in this study. The tendency of the 
elastic modulus predictions to compressive strength (fc) varia-
tions can be determined according to Fig. 10(a)-(c). The re-
sults indicate that the elastic modulus of HSC and NSC con-

tinuously increases due to increasing fc. The results of the pa-
rametric analysis are the expected cases from a structural en-
gineering viewpoint.  
 

6. Conclusion 

In this paper, a linear variant of GP, namely LGP, was util-
ized to formulate the tangent elastic modulus of HSC and 
NSC. Three formulas for the elastic modulus were obtained 
via LGP. A reliable database of previously published elastic 
modulus test results was used for the training and testing of 
the prediction models. The LGP-based formulation results 
were compared with the experimental results, buildings codes, 
and existing models found in the literature. A subsequent pa-
rametric study was also conducted. The major findings ob-
tained in this research are as follows: 

(1)  The LGP models give reliable estimates of the elastic 
modulus of HSC and NSC. The proposed formulas outper-
form the other existing models in nearly all of the cases. 

(2)  The generic LGP model provides significantly accurate 
determinations of the elastic modulus of both NSC and HSC. 

(3)  In addition to the acceptable accuracy, the LGP-based 
prediction equations are short and simple and can be used for 
practical engineering purposes. 

(4)  The robustness of the proposed LGP models was con-
firmed with the results of the parametric study. As other re-
searchers have mentioned, the results show that the elastic 
modulus of HSC and NSC continuously increases due to in-
creasing compressive strength. 

(5)  The LGP models can learn and improve as more data 
become available, without repeating the development proce-
dures from the beginning. 

(6)  A major advantage of LGP for determining the elastic 
modulus lies in its powerful ability to model mechanical be-
havior without any prior assumptions. 

(7)  Another distinction of the LGP approach is that the 
elastic modulus can accurately be estimated without carrying 
out destructive, sophisticated, and time-consuming laboratory 
tests. 

Table 3. Performance statistics of the different models for the Ec of 
HCS. 
 

Model OBJ 

FL [7] 5.4827 

ANN [8] 4.8252 

ACI [17] 26.5371 

NS [20] 33.2777 

CSA [19] 13.9365 

Wee et al. [22] 7.5367 

Gardner & Zhao [23] 19.6698 

LGP (Present Study) 6.2448 

 
Table 4. Performance statistics of the different models for the Ec of 
NCS. 
 

Model OBJ 

FL [7] 9.0447 

ANN [8] 10.4517 

ACI [17] 10.6191 

NBS [16] 8.6712 

BS [18] 7.8557 

TS [21] 11.8250 

Gardner & Zhao [23] 8.1508 

LGP (Present Study) 7.4887 

 
 
Fig. 8. Parametric analysis of the elastic modulus of HSC and NSC in 
the LGP models: (a) HSC; (b) NSC; (c) HSC and NSC. 
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